A mode III fracture problem of edge cracks originating from a circular hole in an infinite piezoelectric solid is studied based on complex variable method combined with the method of conformal mapping. Explicit and exact expressions for the complex potentials, field intensity factors and energy release rates are presented under the assumption that the surface of the cracks and hole is electrically impermeable. Numerical analysis is then conducted to discuss the influences of crack length and applied mechanical/electric loads on the field intensity factors and energy release rate for one and two edge cracks, respectively. It is found that for the case of a single edge crack, the field intensity factors are greater than those of double edge cracks, and moreover the electric loads can either promote or retard crack growth, depending on the magnitude and direction of the applied electric loads.
Introduction
The fracture mechanics of piezoelectric materials has received much interest over a decade. A lot of literature can be found for theoretical predications and experimental investigations of fracture parameters, i.e., field intensity factors and energy release rate. Recent developments and some issues in the field have been summarized in the work of, e.g., McMeeking (1999) , Zhang and Gao (2004) , Schneider (2007) , Suo et al. (2008) , Li et al. (2008) . However, it should be noted that no efforts can be found on the fracture problem of cracks originating from a hole in a piezoelectric material. In fact, cracks often exist around holes during manufacture and service of the holed structures. On the other hand, in experiments a slit and centre crack is difficult to process in a piezoelectric sample, but it is relatively easy to make the edge cracks from the boundary of a hole. Thus, it is necessary to study the fracture problem of cracks emanating from a hole. Of course, it is feasible to obtain approximate solutions for this kind of crack problem based on numerical approaches, e.g., boundary element method (Garcí a-Sánchez et al., 2005 , 2007 , but it is more interesting and challenging to seek for explicit and closed-form solutions for some cases of special edge cracks, since these solutions can serve as a benchmark to test the validity of various analysis approaches or assumptions for more complicated crack problems in piezoelectric solids.
For isotropic materials, several interesting works can be found for the edge cracks originating a circular or elliptical hole in an infinite plane. Bowie (1956) solved a two-dimensional problem of multiple radial cracks origination from a circular hole by using complex variable method, and presented approximate expressions of complex potentials and reduction in potential energy. Using the mapping function given in Bowie (1956) , Hsu (1975) determined the stress intensity factors at the tip of a radial crack emanating from a circular hole in an infinite isotropic sheet under uniform and arbitrary in-plane stress, and then discussed the influence of varying crack length-to-hole radius on the stress fields. Tweed and Melrose (1989) addressed the anti-plane problem of one and two cracks at the edge of an elliptic hole in an infinite isotropic material according to integral transforms method. For the case of anisotropic materials, however, it is exceedingly difficult to obtain closedform solutions for a crack originating a hole in an infinite anisotropic plane under in-plane loads. In this case, numerical approaches have to be used to get approximates solutions. Liaw and Kamel (1990) obtained the solutions for stress intensity factors of a single or two collinear edge cracks emanating from a curvilinear hole in an infinite anisotropic plane based on boundary element formulation, and showed that their numerical results were excellent agreement to known results previously published. However, to the authors' knowledge, no work can be found for the similar problems of edge cracks in a piezoelectric material.
It is therefore the purpose of the present work to study the fracture problem of edge cracks originating from a hole in a piezoelectric solid under combined mechanical-electric loads. Since the anti-plane solution is relatively simple and moreover no lacking of clearly physical insights into the fracture behaviors of piezoelectric materials, we shall study one and two mode III cracks originating a circular hole in a transversely isotropic piezoelectric solid in the work. Below is the plan of the work: following the brief introduction, basic equations are summarized in Section 2 for later use, although they are not new. Presented in Section 3 are explicit and exact solutions for the complex potential, field intensity factors of stress and electric displacement, and total energy release rate, respectively, for the cases of one and two edge cracks. In Section 4, numerical examples are considered for a mode material, and then discussions are made about the effects of the applied electric loads and the ratio of crack length to hole-radius on the total energy release rate. Finally, this work is concluded in Section 5.
Basic equations
Consider a transversely isotropic piezoelectric solid with the poling direction along the positive z axis and the isotropic plane in the x À y plane. The constitutive equation can be written in the Voigt form as (Pak, 1990; Zhang and Gao, 2004) 
where r, e, E and D stand for the stress, strain, electric field and electric displacement, respectively; c ij , e ij and j ik are the elastic stiffness tensor, the piezoelectric coupling tensors and the dielectric permittivities, respectively. Since the anti-plane solution is relatively simple and can be written in an explicit form, thereby clearly providing physical insights into the fracture behavior of electroelastic materials, we shall study a mode III crack in the isotropic plane in the present work. For the two-dimensional anti-plane deformation, the out-of-plane displacement and the in-plane electric/ magnetic fields are functions of x and y only, that
where u z and u are elastic displacement and electric potential, respectively. A substitution of Eq. (3) into Eqs. (1) and (2) 
The general solution of Eq. (4) can be expressed, by the generalized stress function / and generalized displacement u, as (Zhang and Gao, 2004) 
where f(z) is a unknown complex vector; A and B stand for the material constant matrices defined as
e 15 Àj 11
Once the complex potential f(z) is obtained based on given boundary conditions, all the fields can be determined from
Explicit and exact solutions
Consider two radial cracks originating from the edge of a circular hole, as shown in Fig. 1 . For this case, we shall study the complex potentials, the field intensity factors and energy release rate under different combination of electric and mechanical loadings at infinity.
Complex potentials
In this case, the potential vector has the form of
where c 1 is a complex constant to be found from remote loading conditions, and f 0 (z)is a unknown complex vector and moreover f 0 ð1Þ ¼ 0.
On the other hand, one has from Eqs. (5) and (6) that
where FðzÞ ¼ dfðzÞ=dz. Inserting Eq. (9) into Eqs. (10) and (11), and then letting z ! 1, leads to
where
From Eqs. (12) and (13) one obtains
The mechanical-electric boundary along the surface of the crack and the hole can be expressed as Fig. 1 . Double cracks at the edge of a circle hole in an infinite piezoelectric solid.
where t z and D n represent the anti-plane shear traction and the normal component of electric displacement along the boundary.
Since the crack length is in general shorter than the hole size, and moreover the electric fields inside the hole is smaller, it is assumed in the present work that the induced electric fields inside the cracks and hole may be neglected, that is, the impermeable electric boundary condition is adopted. Thus, when the cracks and hole are free of mechanical loads, Eq. (15) can be reduced to 
Introduce a mapping function as (Bowie, 1956 )
where k = 2 for the case of double cracks, and e is a real parameter such that 0 6 jej 6 1, which can be determined by the relation:
It can be shown that Eq. (18) maps the outside domain of the hole and cracks into the exterior of a unit circle in the f À plane, and that the substitution of Eq. (19) into Eq. (18) produces
where k=L/R. In the f À plane, Eq. (17) becomes
where r is the point on the unit circle, and f 0 (r) = f 0 (x(r)) is defined. From Eq. (18), one finds that xðrÞ ¼ xðrÞ. Hence, Eq. (21) becomes
Using Eq. (13) 
Since x(r) is the boundary values of the analytic function x(f) inside the unit circle c except the point f = 0, we obtain from Eq. (25) that (Musknelishkili, 1953) 
where x s (f) is the singular principle part of x(f) at the point f = 0. From Eq. (18) it can be shown that
Inserting Eq. (27) into Eq. (26), we obtain the final expression of complex potential as
that is
Intensity factors of fields
The vector of field intensity factors can be defined as
where the condition that BF 0 (z) is real along the x axis is used. In the f À plane, Eq. (31) can be reduced to
Using Eq. (28) one has
Inserting Eq. (33) into Eq. (32) produces
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi xðfÞ À xð1Þ p
It can be shown from the requirement of field singularity at the crack tips that x 0 (1) = 0. Thus, using the L'Hospital rule, we have lim f!1 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi xðfÞ À xð1Þ p
Substituting Eq. (35) into (34) leads to
Noting Eq. (14), we finally have
where x 00 (1) can be derived from Eq. (18) as
On the other hand, Eq. (37) can be rewritten as
where a e = R + L, being an equivalent crack length, and g(e) is defined as
If taking limitingR ? 0, one has that e = 1 and g 2 (1) = 1 from Eq. (40). In this case, Eq. (39) degenerates into
which is the well-known result of a mode-III crack in piezoelectric materials.
Energy release rate
Following the work of Pak (1990), the energy release rate is equal to the J-integral and it can be expressed as
where K r , K s , K D and K E are the singular factors of stress, strain, electric displacement and electric field, respectively, at the crack tip. Using Eq. (4) one finds that there are the following relationship among them as
Thus, once K r and K D are obtained from Eq. (42), K S and K E can be expressed as
Substituting Eqs. (42) and (43) 
where g 2 (e) is determined from Eq. (40). Similarly, for the case of a single crack as shown in Fig. 2 , Eq. (18) is still valid with k = 1. In this case, we can list the solutions for the complex potential, field intensity factor and energy release rate, respectively, as follows: 
where 
where N is the force in Newtons, C is the charge in coulombs, V is the electric potential in volts, and m is the length in meters. Fig. 2 . Single crack at the edge of a circle hole in an infinite piezoelectric solid.
The coefficient of field intensity factors, g(e), is plotted in Fig. 3 as a function of the crack length for a fixed-size hole of R = 0.01 m. It is found that the value of g 1 (e) is a little greater than that of g 2 (e), indicating that the intensity factors of fields for the case of a single crack is larger than those for the case of two cracks. This results from the non-symmetry loading condition for a single crack. Moreover, if letting L=R ! 1 one can finds that gðeÞ ! 1, which is expectable. For the case of two cracks originating from a circle hole of R = 0.01 m, the change of the energy release rate with the applied mechanical/electric loads is plotted for a crack length of L = 0.005 m, as shown in Fig. 4 , where J cr stands for the critical energy release rate and it was taken as J cr = 5.0N/m to normalize the obtain J (Pak, 1990). It can be found from Fig. 4 that the energy release rate increases as the applied mechanical load and positive electric load increases, but it decreases as the magnitude of the applied negative electric field increase. The result showed that at a given mechanical load, the positive electric field promotes crack growth, while the negative electric field retards crack growth. Shown in Figs. 5 and 6 are the variation of the energy release rate with crack length under a given electric or mechanical load. It can be seen that in general cases, the energy release rate always increases as the crack becomes longer, and moreover the contribution of the applied electric load (within the dielectric breakdown load) to the total energy release rate is small.
In addition, the curves of the energy release rate are also plotted for the case of a single crack, as shown in Figs. 7-9, and the similar results can be found. It ca be seen that the curves of the energy release rate for a single crack is similar to those for the case of double cracks, and moreover at the same loading conditions, the difference in the magnitudes of the energy release rate for these two cases is not great. 
Conclusions
A mode III fracture problem of edge cracks originating from a circular hole in an infinite piezoelectric solid is studied based on complex variable method combined with the method of conformal mapping. Since the length of cracks is smaller than the hole-radius, the cracks are assumed to be along radial direction, and the electric fields inside the cracks and the hole can be neglected. According to these two assumptions, explicit and exact solutions for intensity factors of fields and energy release rate are derived for the cases of double cracks and a single crack, respectively. Numerical results are also presented for a mode material, and they are plotted for different loading conditions. It can be found that: (1) field intensity factors of a single crack are greater than those of double cracks under the same loading conditions; (2) energy release rate increases as the ratio of crack length to hole radius becomes large; (3) mechanical loads always promote crack growth, while the applied electric loading can either promotes or retard crack growth, depending on the magnitude and the direction of electric loading.
